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Constructive Solid Geometry Approach to Three-Dimensional
Structural Shape Optimization

Srinivas Kodiyalam,* Virendra Kumar,} and Peter M. Finniganf
General Electric Corporate Research & Development Center, Schenectady, New York 12301

This paper presents a constructive solid geometry approach to generic three-dimensional shape optimization.
The problem definition and shape control are based on constructive solid geometry whereas the assets of bound-
ary representation are exploited to specify the physics of the problem and for meshing the object. This approach
is strongly coupled to an automatic mesh generator and uses to its advantage the explicit association of the finite
element data with the model geometry for performing shape sensitivity analysis. Hybrid approximation methods
are used to minimize the number of finite element analyses. A classical example of a cantilevered plate with a
hole and a realistic aircraft turbine disk problem are solved for optimum shape using this new approach.

Introduction

HREE-dimensional shape optimization is an area where

comparatively little research has been reported. More spe-
cifically, there is very little published work on generalized,
fully automatic, three-dimensional shape optimization. The
primary goal of this work is to develop a generic system that is
capable of solving practical three-dimensional shape design
problems. This system is founded on geometry, utilizing a
hybrid constructive solid geometry and boundary representa-
tion approach.! In addition, it is strongly dependent on fully
automatic mesh generation and the explicit association of the
finite element data with the model geometry.

The possibility for automating the structural design process
by determining the shape of complicated three-dimensional
components was shown in Ref. 2. In Refs. 3 and 4, improved
approximations of stresses in three-dimensional solid elements
were used to optimize general three-dimensional structural
shapes, resulting in significantly improved convergence char-
acteristics. The reduced basis method,’ which employs a
dimensionality reduction technique to replace the actual
design problem with a problem sufficiently small to solve with
existing mathematical programming procedures, was used in
Ref. 6 to optimize structural shapes.

These developments in the field of three-dimensional shape
optimization have provided strong encouragement for using
numerical optimization in a practical design environment.
However, none of the existing approaches for solid shape op-
timization are built around a solid modeling system or use
fully automatic mesh generation, which are two critical com-
ponents of the overall automation process. Also, more general
shape changes are possible when an automatic mesh generator
is employed vs the use of conventional mapped mesh genera-
tion techniques.

A geometry-based approach to two-dimensional shape opti-
mization, using automatic mesh generation, has been devel-
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oped in Ref. 7. The successful application of this approach to
fairly complex two-dimensional geometries has encouraged
the development of this three-dimensional shape optimization
methodology.

Geometry as a Basis for Finite Element Modeling

Structural shape optimization is inherently an iterative pro-
cedure. Because the geometric shape of the problem is evolv-
ing from an initial state to some converged solution, the speci-
fication of the problem must be recast periodically. To be of
practical value, this type of iterative analysis needs to be per-
formed completely under computer control, without benefit
of human intervention. Therefore, automating the optimiza-
tion process requires the appropriate foundation. The authors
have found that using geometry as a basis,”® vs directly using
the finite element data, for formulating and controlling this
type of problem leads to generic robust procedures for per-
forming structural shape optimization. There are three aspects
to geometry-based finite element modeling (FEM): problem
formulation, geometry representation, and geometry manipu-
lation. This section describes the philosophy and implementa-
tion details that make this approach so successful.

Figures 1 illustrate the use of geometry as a basis for prob-
lem formulation. The process begins by defining the geometry
of the problem. Then the mesh control information and
problem-specific attributes (material properties, loads, bound-
ary conditions, etc.) are specified and associated with the ge-
ometry. Having the mesh control data and an automatic mesh
generator, the finite elemént mesh is produced, with the result-
ing node and element data also associated with the originating
geometry. This enables the attribute data to be automatically
mapped from the geometry to the finite element data. Thus,
geometry serves as a framework on which all other data de-
pends, as illustrated in Fig. 2.

The second aspect of geometry-based FEM is representa-
tion. For solid models, there are two basic representational
schemes: constructive solid geometry (CSG) and boundary
representation (B-Rep). With CSG, an object is defined in
terms of a number of primitives that can be scaled, positioned,
or combined using Boolean operations. The CSG representa-
tion of an object is an ordered binary tree where the root of
the tree represents the final object, the leaves, or terminal
nodes, are the primitives, and the nonterminal nodes are either
Boolean operators or rigid-body motions. The CSG tree can
then be evaluated for purposes of producing a B-Rep. A B-Rep
model is one that is described in terms of geometry (.e.,
points, curves, and surfaces) and topology. Topology provides
the relational information between individual geometric en-
tities as well as providing the trimming information for sur-
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faces. Geometry plus topology provides a complete and unam-
biguous representation for a solid. Figure 3 shows a B-Rep’s
model data that consists of a conventional hierarchical topo-
logical model and the associated geometry. This paper is con-
cerned with solid objects that can be described with two-
manifold topology (i.e., models where an edge has at most two
faces using it). )

The last aspect of geometry-based FEM is the availability
for a set of general data structures and operators that permit
access to and manipulation of the model geometry, topology,
and attribute data from within an application program. Com-
mercial systems may have some of these capabilities, but typi-
cally in a closed environment. To address this limitation of
these systems, GE Corporate Research and Development (GE-
CRD) has been working on a geometric modeling utility
system known as TAGUS (topology and geometry utility
system). The TAGUS system, shown in Fig. 4, translates eval-
uated B-Rep data from a variety of commercial modeling
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Fig. 4 . Geometric modeling utility.

systems, including GEOMOD, CATIA, or UNIGRAPHICS,
into its neutral representation, and through its operator driven
interface, bridges the gap between closed modeling systems
and geometry-dependent application programs, such as shape
optimization.

Fully Automatic Mesh Generation

Because three-dimensional shape optimization may require
moderate to large changes in the geometry, multiple finite ele-
ment meshes will be required during the optimization process.
If the goal is to automate this procedure, the availability of a
fully automatic mesh generator is essential. A fully automatic
mesh generator is a procedure capable of producing a valid
finite element mesh in a domain of arbitrary complexity, given
no input past the geometric description of the object to be
meshed and some mesh control parameters. Adherence to this
rather specialized definition is important if the level of auto-
mation required by three-dimensional shape optimization is to
be achieved. A number of approaches to automatic mesh gen-
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eration have been developed, many of which are summarized
by Shephard.® The approach that is gaining the most wide-
spread acceptance because of its versatility is based on recur-
sively subdividing a geometric model'%'2 to the point where el-
ement generation can be more readily performed. At
GE-CRD, a fully automatic mesh generator known as OC-
TREE?® is under development and is used as the basis for the
three-dimensional shape optimization presented in this paper.
The meshing algorithm is based on a combination of recursive
spatial decomposition and Delaunay triangulation. The
algorithm, depicted for two-dimensional geometry in Fig. 5,
can be described as a three-step process: 1) domain decompo-
sition or tree building, 2) element generation using Delaunay
triangulation, and 3) mesh smoothing, or nodal repositioning.
The resulting finite element mesh is stored in a hierarchical
data structure, known as FEDS (finite element data struc-
tures), as shown in Fig. 6. The benefit of this elaborate storage
of the data is that an explicit correspondence between the con-
stituent finite element data (i.e., fe__nodes, fe__edges, and
fe_ faces) and the model data are established. This permits
coupling of the geometry-based attribute data with the finite
clement data, and as will be seen later, it provides an efficient
mechanism for performing shape sensitivity analysis. In addi-
tion, the third step of the OCTREE algorithm, mesh smooth-
ing, works hierarchically off the FEDS. That is, the position
of the node points are stored explicitly and parametrically with
respect to the model’s edges and faces. Smoothing proceeds
first with respect to the model edges, then the faces, and
finally within the region. The mesh smoothing operators are
also used during shape sensitivity.

Constructive Solid Geometry and Shape Control

As mentioned previously, the two common methods for
representing a solid model are CSG and B-Rep. Depending on
the representational scheme, the methods for controlling the
shape are quite different. There are advantages to each
method; however, the questions that must be considered are
what type of shape control is possible and what response one
expects to see when modifying the geometry. Direct manipula-
tion of the B-Rep intuitively seems like the most natural ap-
proach because of the physical control one can exert on individ-
ual points, curves, and surfaces that comprise the part.
Although this-approach works quite well in two dimensions,’
there are some serious problems that emerge when dealing
with three-dimensional geometries. For example, geometric
entities do not exist autonomously in a model, and therefore,
locally altering one geometric entity may adversely affect

-
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Fig. 5 Three step meshing process: a) tree building; b) element gener-

ation; ¢) mesh smoothing.

another. In addition, maintaining three-dimensional slope and
curvature relationships among various geometric entities is
virtually impossible, except for the most trivial cases. Finally,
the number of possible design variables for a B-Rep model is
large in comparison to a corresponding CSG model, and thus,
global shape control is difficult and costly, at best. In sum-
mary, in order to use a B-Rep for threée-dimensional shape
control, two elements are required. First, the shape controller
must have the ability to access and modify individual geomet-
ric entities under program control, without loss of model inte-
grity. Second, it must be possible to manage geometric con-
straint information. The notion of general three-dimensional
geometric constraint management is, however, still an un-
solved problem.

Alternatively, the CSG approach offers distinct advantages,
which circumvent many of the problems indicated earlier. The
design variables can be any or all of the parameters used to
define the CSG primitives. This typically ensures a relatively
few number of unknowns, the model integrity is preserved, and
global shape control is provided. One modeling system that we
have found to be very useful in supporting our efforts in three-
dimensional shape optimization is GEOMOD from Structural
Dynamics Research Corporation (SDRC). GEOMOD is a B-
Rep-based solid modeler that uses CSG input to define the ob-
ject. GEOMOD possesses several features that make it attrac-
tive from both a modeling and an implementation point of
view. GEOMOD, of course, provides classical means for spe-
cifying. and Boolean (join, intersect, and subtract) simple
primitives, such as blocks, cones, cylinders, spheres, etc. In
addition, it can Boolean superprimitives (i.e., combinations of
simpler primitives). There is also a facility for lofting surfaces
through a set of curves to produce complex, sculptured sur-
face models, which preserves surface continuity. Furthermore,
it has the ability to define and sweep arbitrary two-dimensional
cross sections for the purpose of creating another type of solid
primitive. Finally, there is a two-dimensional geometry con-
straint manager that can be employed to help define the cross
section, thereby providing another form of shape control.
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Fig. 6 Associativity between finite element data and model data.
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In addition to its modeling facility, GEOMOD maintains an
evaluated boundary representation in its relational database
PEARL as well as providing access to the B-Rep via a library
of database access routines. More recently, SDRC has added
the functionality to the system, whereby it is possible to set up
interprocess communications through UNIX pipes between
GEOMOD and an independent application program. This
facility, known as the director observer, falls short of making
it an open system, but it at least provides a window into
GEOMOD, thereby exposing much of its functionality.

Shape Optimization Problem

The nonlinear programming problem is stated as follows.
Find the set of design variables that minimize

Objective function:

FX)
subject to
Inequality constraints:
g,(X) =<0
Side constraints:
x!=x;=x} (1)

where X is the vector of design variables.

In the shape optimization problem considered here, the
design variables are geometry-based parameters that control
the sizes of the geometric primitives that comprise an object
and details of two-dimensional profiles that are used to gener-
ate swept and lofted three-dimensional objects. The objective
function is the volume of the structure, and structural re-
sponse constraints are imposed on displacements and stresses
at various locations of the object. A geometry-based specifica-
tion of the response constraints is adopted, whereby displace-
ments can be constrained on a particular edge, stresses on a
face of the model, etc. Structural response constraints can also
be imposed on the whole region. Geometric requirements,
such as preventing surface intersections to maintain a topolog-
ically valid model, can be treated in the design problem. Side
constraints are also imposed on the design problem.

A modeling approach based on solid design primitives has
been demonstrated in Ref. 14. Each primitive is identified by a
text description so that the designer can work with design
oriented entities rather than lower-level descriptions such as
points and lines. The set of design primitives used in Ref. 14
are tailored to idealized automotive suspension systems. As
mentioned earlier, two types of design variables are used in the
present work: 1) primitive descriptions and 2) geometric
details of lofted and swept models. The primitives considered
here are generic, geometry-based primitives commonly used in
the solid modeling environment.

Shape Sensitivity Analysis

Shape sensitivity analysis deals with the calculation of the
sensitivity of the structural responses with respect to the shape
design variables. The commonly used approaches are ones
that employ the finite difference procedure and the material
derivative methods.!> A numerical scheme, using the finite
difference method, is employed here for shape sensitivity anal-
ysis. For sensitivity computations, no new mesh is generated;
instead, the existing finite element mesh topology is retained.
The reason for this is that the shape change resulting from a
small perturbation in the design variables does not distort the
element shapes to an unacceptable level and, therefore, does
not require remeshing. Also, when using an automatic mesh
generator, even if the overall geometry changes are small, the

number of elements generated can be different than in the
original mesh. To avoid discontinuities, a full remeshing is
avoided at the level of the sensitivity analysis.

The three-dimensional object, for a design variable pertur-
bation, is first generated using the solid modeler. It is now nec-
essary to reposition the finite element nodes to the new bound-
ary of the object. This requires access to some of the low-level
geometric evaluation and manipulation tools of the geometric
modeler. The boundary finite element nodes are repositioned
to the new boundary using the evaluation operators in
TAGUS. For example, if a finite element node lies on an edge
or a face, then the coordinates of this node on the new bound-
ary are evaluated using the parametric locations of the node
on the corresponding curve or surface. The finite element data
structures are then modified to reflect the change in the nodal
coordinates. Once all of the finite element nodes on the
boundary are modified, a smoothing operation is performed
to reposition the interior nodes. The same Laplacian operator,
used by OCTREE operating of FEDS, positions each node
point within the model region at the centroid of all of its
neighboring nodes.

This procedure, for sensitivity calculations in an automatic
mesh generation environment, could also be used to imple-
ment the semianalytical method provided the programmer has
access to the finite element stiffness and strain-displacement
matrices.

Approximate Optimization Problem

The nonlinear programming problem, represented by Eq.
(1), is replaced by a sequence of approximate optimization
problems involving a reduced number of constraints that are
approximated as functions of the design variables. Since the
approximate models for the constraint and objective functions
essentially use the first-order Taylor series expansion, their
evaluations require a substantially less amount of computa-
tional effort. The hybrid approximation,'® which is more con-
servative than the linear and reciprocal approximations, is
used for the constraint functions:

n

£(X) = g(X,) + LBi(x; — X)) g—i X,

(]
i=1
where

%3
B =1 if x;—2 >0
6x,~
. %
=Xl g x,,,—% <0 @

Xi X;

When B, =1, the hybrid approximation is the same as direct
Taylor series approximation and otherwise reduces to the recip-
rocal approximation.

A modification to Eqgs. (2) was proposed and implemented
in Ref. 6 to handle the changes in sign in shape design varia-
bles. The switch between direct and reciprocal approximations
is now performed as follows:

*9,
B, =1 if xoi—g >0 or xx =0

0x;

Xoi *9
== if x,,,—g =0 or xx)>0 3)

X; ax;

The approximate optimization problem is now stated as fol-
lows. ’
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Minimize
F(X)
subject to
§5(X) =<0
x = x < x @

The approximate optimization problem is solved using the
method of feasible directions,!” programmed in the ADS!®
optimizer.

Three-Dimensional Shape Optimization
System Architecture

The various components of an automated shape optimiza-
tion system, outlined in this paper, have been integrated into a
three-dimensional shape optimization system. This represents
a major extension of the DESIGN-OPT software.!® The com-
plete system architecture is shown in Fig. 7. GEOMOD is used
as the solid modeler for creating and modifying the geometry
of the three-dimensional object. Since a procedural call cannot
be made to execute GEOMOD, the newly developed inter-
process communications capability in I-DEAS is used to estab-
lish a link between GEOMOD and the three-dimensional
shape optimization modules. The geometry and the topology
data of the three-dimensional object is extracted from the
PEARL relational database using a boundary representation
translator and written into an archive file format representa-
tion suitable for the geometric modeling utility TAGUS. Thus,
TAGUS provides an interaction mechanism with the geomet-
ric representation derived from the modeler.

The meshing of the object is performed using the fully auto-
matic mesh generator OCTREE. The geometry-based specifi-

DECstation ' CONVEX
.................................................
o [SHAPE OPTIMIZATION E
GEOMOD | PP, CONTROLLER :

Geometry-Based_ . ____ .. { .................. :

‘Problem Description
. TAGUS

.| OCTREE/, GEOM | ::
: FEDS LOADS /B.C.  oNsT :

ANALYSIS

DESIGN SENSITIVITY ANALYSIS
(DSA)

UNIX
|_PIPE 3D : '
CONTROL '

OPTIMIZER (ADS)

APPROXIMATE ANALYSIS

POST PROCESSING,

Fig. 7 Shape optimization system architecture.

cation of the loads and boundary conditions are then mapped
onto the finite element model. Presently, geometric require-
ments like preventing surface crossover and intersections can
be specified on the design model. These requirements, speci-
fied by the user, are evaluated in the geometric constraint
(GEOM-CONST) routines. The finite element software ANSYS
is used for analysis and is executed by forking a process from
the DECstation to the CONVEX minisupercomputer. The
output from ANSYS(TAPEI2) is processed to extract volume,
displacement, and stress data. These data are then used in the
design sensitivity analysis (DSA) routine to compute the gradi-
ent of the objective and constraint functions. The link between
the DSA routine and GEOMOD is through UNIX pipes, using
the SDRC/I-DEAS director-observer capability, in conjunc-
tion with their program files. The primitive’s sizes, and details
of two-dimensional profiles, are updated in the program file’
to reflect the perturbations in the design variables, and
GEOMOD is then re-executed.

The responses computed by the analysis program and the
gradient information from DSA are used to generate a hybrid
approximation to the optimization problem defined in Eq. (1).
This is done in the approximate analysis routine. The numeri-
cal optimizer ADS is used to solve the approximate optimiza-
tion problem. During the optimization stage, no finite element
analysis is performed; instead, mathematical approximations
to the objective and constraint functions are used. After the
convergence of the approximate optimization problem, the
whole design cycle is repeated until a satisfactory convergence
of the original optimization problem is obtained.

Numerical Examples
Example 1: Cantilevered Plate with a Circular Hole

The three-dimensional cantilevered plate, shown in Fig. 8, is
modeled using three two-dimensional profiles and lofting the
profiles along the z direction. The Boolean subtraction opera-
tion, using a primitive in the form of a cylinder, is used to
create a circular hole through the width of the plate. The finite
element mesh of the initial design consists of 336 parabolic
tetrahedron elements and a total of 684 nodes. The structure is
subjected to an edge load of 20,000 N at the free end. The
material properties are as follows: Young’s modulus = 10x 106
MPa, Poisson’s ratio = 0.3, and allowable effective stress =
3000 MPa.

The design problem is to minimize the volume of the struc-
ture, subject to constraints on the vertical displacements at the
loaded edge and effective stress at several locations of the
finite element model. The top and bottom surfaces of the
structure and the hole size are changed to determine the opti-
mum shape. The design model consists of four design varia-
bles, three corresponding to details of the two-dimensional

Fig. 8 Cantilevered plate with hole—initial design.
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Fig. 9 Cantilevered plate with hole—final design.
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Fig. 11 Aircraft tarbine disk.

profiles used for generating the lofted object and the fourth
variable for varying the hole size. :

The initial design has a volume of 18,051 mm? with all of
the displacement and ‘stress constraints satisfied. The op-
timization process converged to a volume of 12,884.8 mm?, in
five iterations, with critical displacement constraints. The
final shape is shown in Fig. 9, and the objective and constraint
iteration histories are shown in Fig. 10.

Example 2: Aircraft Turbine Disk

The aircraft turbine disk, shown in Fig. 11, was originally
solved as a two-dimensional shape optimization problem in

STRUCTURAL SHAPE OPTIMIZATION 1413

Blade
Loading

Fig. 12 Aircraft turbine disk—initial feasible design.

A
z X

Fig. 13 Aircraft turbine disk—initial infeasible design.

/L
Z X
Fig. 14 Aircraft turbine disk—final design.

Ref. 7. Invoking the concept of variational geometry, the two-
dimensional cross section of the disk was described and re-
volved by a prescribed angle to create the three-dimensional
model. The finite element mesh of the initial design, shown in
Fig. 12, consisted of 144 parabolic tetrahedron elements. Ap-
propriate symmetry boundary conditions were enforced on the
front and the back faces of the disk. The disk was subjected to
centrafugal loading and a pressure on the rim to simulate the
forces induced by the blades. The material properties and
loading are as follows:
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Young’s modulus = 27.1x 108 psi
Poisson’s ratio =0.3
Density = 0.284 Ib/in.?
Rotational speed = 11,500 rpm, 1204 rad/s
Blade load = 3869.4 Ib/deg
Allowable Von Mises stress = 114,000 psi
Allowable tangential stress (rim) = 93,000 psi

The design problem was to minimize the volume of the disk
with consraints imposed on the Von Mises effective stresses
over the whole region (rim, web, and bore) and tangential
stress at the rim. The design model had a total of five design
variables that were details of the profiles used to generate the
swept model. Two very different starting designs were con-
sidered. The first design had an initial volume of 3.546 in.?
with all of the constraints satisfied. The second design had an
initial volume of 1.154 in.? with violation of effective stress
constraints by over 100%. Both of these starting designs con-
verged to a volume of 1.59 in.? with all of the stresses below
their allowable limits and similar shapes. In both cases, eight
design iterations were required to reach the optimum, each
with a different OCTREE generated finite element mesh. The

initial infeasible and the final designs are shown in Figs. 13
and 14, whereas the iteration histories are provided in Figs. 15
and 16.

Conclusions

A geometry-based, fully automatic three-dimensional shape
optimization capability is presently being developed. The ap-
proach is new and is based on solid modeling, specifically a
hybrid CSG and B-Rep approach. It embraces the notion of
high-level geometry definition and shape control via construc-
tive solid geometry, while at the same time exploiting the bene-
fits of boundary representation for specifying the physics of
the problem and for meshing the part. More general shape
changes are possible when an automatic mesh generator is
employed. The system uses to its advantage the explicit asso-
ciation of the finite element data with the model geometry for
performing shape sensitivity analysis. Also, for shape sen-
sitivity analysis, the existing mesh topology is maintained and
no new mesh is generated. Corresponding to the perturbation
of the geometry, the boundary nodes of the existing mesh are
modified and then an internal mesh smoothing is performed.
Finally, optimization with respect to the approximate models
was sufficiently accurate. to overcome constraint violations
quickly.
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